Successes of the modified gravitation theories encourage scientists to apply them in the domain of cosmology as well as in solar system to overcome the recent issues that Einstein's general relativity could not resolve them. For this purpose, we explore the quadratic form of f (R) = R+bR 2 gravitational theory to derive in details rotating N-dimensions black string solutions with ℓ rotation parameters. Here, R is the Ricci scalar and b is a dimensional parameter. We supposed that the N-dimensional spacetime is static and flat or cylindrical horizons with zero curvature boundary. The system of differential equations is solved analytically without any constraints. We show the relations of the physical quantities like the horizon radius, the mass and so on. We also demonstrate that in the four-dimensional case, the higher order curvature has no effect on the black string, i.e., the black string does not depend on the dimensional parameter b, while in the case of N > 4, it has a dependence on the parameter. We analyze the conserved quantities, energy, and angular momentum, of the black string solutions by applying the relocalization method. In addition, we calculate the thermodynamic quantities such as temperature, entropy etc. and confirm that the first law of thermodynamics is verified by examining a Smarr-type formula of the total mass and the angular momentum of the derived solutions. Furthermore, we investigate the stability of the black string solutions locally and explain that the derived solutions are stable. * nashed@bue.edu.eg † bamba@sss.fukushima-u.ac.jp 2
I. INTRODUCTION
The Einstein's general theory of relativity (GR) could not supply scientist by any explanation that can support the discovery of the expansion rate of our universe that has been established 20 years ago by various observations [1] - [6] . Therefore, scientists refuge to many other theories that can support this expansion rate. Among these theories is the one in which we add the cosmological constant to the field equations of GR. The output model of this theory becomes dominated by this constant that can explain the accelerated expansion in the late time. This model is known in the literature by Λ cold dark matter (ΛCDM). The ΛCDM has a contradiction between gravity and quantum field theory [7] . This leads scientists to modify the structure of GR either within Riemannian geometry or using another geometry.
Among the modified theories that used other Riemannian geometry is the f (T ) theory, where T is the torsion scalar in teleparallel gravity. This theory is of second order differential equations [8] - [10] that makes it easy to analyze its physics. Many applications in f (T ) have been done in the domain of cosmology [11] - [17] and in the solar system [18] - [20] . The other modified theories that used Riemannian geometry are: i-String theory, which is one of the most possible candidates for the quantum theory for gravitation [21] . ii-Lovelock theories which is the natural generalization of Einstein's GR to higher dimensions [22] . iii-Brans-Dicke theory whose interaction considered by GR tensor and scalar field [23] . v-The f (R) theory which we focused our present study on it [24, 25] . (For recent reviews on dark energy problem and modified gravity theories to explain the late-time cosmic acceleration as well as inflation in the early universe, see, for instance, [26, 27, [29] [30] [31] [32] [33] .) f (R) theory has many successful applications in the domain of cosmology [34] - [38] . However, it should be associated with other tests to achieves the success of GR in the solar system [39] . f (R) is the modification of Einstein's GR and is considered as a novel geometrodynamical theory with degrees of freedom in the field equations of gravitation [10, 40] - [43] . The action integral of this theory contains an appropriate function of the Ricci scalar R and the field equations are of the fourth-order. The lower order of the field equations gives the field equations of the Einstein's GR, which is a second order. A coincidence between f (R) and other modified gravitational theories through different frames can be found in [44] .
A viable inflationary model in gravity that took into account quantum corrections and includes R + R 2 gravity as a particular case was derived in [45] . The true forms of the scalar and tensor perturbations that created through inflation in such model is discussed in [46] . f (R) theory can describe the inflationary stage as well as the dark energy dominated stage, in which the late-time cosmic acceleration is realized [47] [48] [49] . Static spherically symmetric solution are discussed in [50, 51] while studies of gravitational collapse can be found in [52, 53] . Many black holes are derived in the framework of f (R) [54] - [65] and their physical consequences are discussed in [66, 68, 69] .
To provide a good probe of f (R) gravitational theory, one has to analyze the black hole solutions. Exact solutions for f (R) are hot topic and there are many bibliographies that cover this topic starting from 3-dimension [70] to N-dimension [71, 74] . Analytic solutions that describe rotating black holes are derived in [73] [74] [75] . The main purpose of this work is to derive the Ndimension black string solutions having flat or cylindrical horizons in the framework of f (R) in details without any assumptions. To execute this aim, we use a general N-dimension metric that possesses k − dimension Euclidean metric.
The constitution of the present paper is as follows. In Section II, the basics of f (R) gravitational theory is mainly given. Moreover, N-dimension spacetime with one unknown function is presented and it is applied to the quadratic form of f (R) field equations. In Section II, black string solutions are derived for two different cases, i.e., 4-dimensional case and N > 4. In Section III, we apply a coordinate transformation to the black string solutions derived in Section II and it is demonstrated that the obtained rotating black string solutions can satisfy the field equations in terms of the quadratic form of f (R) theory. We analyze the conserved quantities of the rotating solutions with the Komar method, in Section V. In Section VI, we calculate the thermodynamic quantities such as the Hawking temperature and entropy. In addition, it is shown that the first law of thermodynamics can always be met for all of the solutions derived in this study by calculating the Smarr-type formula for the total mass and angular momentum for the derived solutions. In Section VI, the stability of the black string solutions is examined locally and it is explained that the derived solutions are stable from the viewpoint of thermodynamics. Finally, our conclusions and discussion are presented in Section VII.
II. BASICS OF f (R) GRAVITATIONAL THEORY
We consider a gravitating field with the cosmological constant. The action of this field is given by
where Λ is the cosmological constant and χ is the N-dimension gravity constant represented by χ = 2(N − 3)Ω N−1 G N , where G N is the gravitation constant of Newton in N-dimensions. In this study, Ω N−1 shows the volume for the (N − 1)-dimensional unit sphere. It is given by
, where Γ is the gamma function. Carrying out the variations of S in terms of the metric tensor g µν , the field equations for f (R) can be derived in the form [76, 77] :
where R µν is the Ricci tensor given by
and Γ ρ µν is the Christoffel symbols second kind and the square brackets means skew-symmetrization. The D'Alembert operator ✷ is defined as ✷ = ∇ α ∇ α , where ∇ α V β is the covariant derivatives in terms of the vector
dR , and T µν is the energy-momentum tensor. The trace of the field equations (3), in vacuum case, gives
Equation (5) with f (R) = R gives R = −8Λ.
We apply the field equations (3) to the following metric
Here, 0 ≤ r < ∞, −∞ < t < ∞, 0 ≤ φ ℓ < 2π, −∞ < z k < ∞, and h(r) is an unknown function in terms of the radial coordinate r. By using Eq. (6), we obtain the Ricci scalar, given by
where
The non-zero components of the f (R) field equations, Eqs. (3), for f (R) = R + bR 2 , where b is a dimension parameter, and T µ ν = 0, take the form The above system cannot have a general solution. Therefore, we deal with it in two separate cases. The first case is the 4-dimension one in which the solution for the above system is expressed as
Equation (9) shows that the higher curvature has no effect, i.e., solution (9) is identical with the GR completely. The second case is the one in which N > 4 and its solution takes the form
where c 1 and c 2 are constants of integration. Equation (10) shows how the solution is affected by the dimension parameter b. Also we stress on the fact that the parameter b should not equal zero when we take the +ve sign in front of the square root of Eq. (10). (9) and (10) have the form
The asymptote of Eq. (11) behaves as AdS/dS.
III. ROTATING BLACK STRING SOLUTIONS
In this section, we analyze the rotating solutions which satisfy the quadratic form of the field equations (3) for f (R). To execute it, we explore two cases separately: i-The rotating case when N = 4, ii-The rotating case when N > 4.
i-The rotating case when N = 4 :
In this case, we apply the following coordinate transformations
where a 1 is the rotation parameter and Ξ is defined as
With the transformation (12) to the metric (11) in case of N = 4, we acquire
where h(r) is given by Eq. (9). It is important to mention that for the rotation parameter a 1 = 0, we return to the spacetime (11) with N = 4.
ii-The rotating case when N > 4:
For this case, we apply the following coordinate transformations,
where a i , i ≥ 1 is the number of rotation parameters and Ξ is defined as
Applying the transformation (14) to the metric (11) in case N > 4, we get
where h(r) is given by Eq. (10), dΣ 2 = dz k dz k is the Euclidean metric on (N-ℓ-2)-dimensions and k = 1, 2 · · · N − 2. We note that the static configuration (11) can be recovered as a special case when the rotation parameters a ℓ equal zero. It is important to stress on the fact the when the physical quantities c 1 for N = 4 and c 2 for N > 4 are vanishing we get an odd AdS spacetime. It is an easy task to show that the resulting limiting metric is a Minkowski spacetime by calculating its curvature components and show that they are all vanishing identically.
Finally, it should be stressed that the coordinate transformations (12) are admitted locally but not globally [78, 79] due to the fact that the compactified angular coordinate φ is mixed with the temporal coordinate t by the coordinate transformations. This fact has been discussed in [80] by pointing out that if the first Betti number for the manifold is a non-zero value, the global diffeomorphisms, by which two spacetimes can be connected, do not exist and hence there is a new manifold parameterized globally by the rotation parameters a. The solution given by Eq. (13) shows that the first Betti number is one of these solutions for the cylindrical or toroidal horizons. The same analysis can be applied for the coordinate transformation (14) , for which the first Betti non-zero number is derived by the compactification of the certain numbers of the angular coordinates in (N − 2) dimensional, φ i , to the submanifold of the solution. In this paper, we call these coordinates as the rotation parameters of the solution.
IV. TOTAL CONSERVED CHARGE
We study the conserved quantities of the solutions found in the preceding section. For this purpose, we present the bases of the Einstein-Cartan geometry used ifor these calculations 3 . The Lagrangian of this theory has the form [81] 4 :
where ϑ i is the coframe and R i j the Ricci that are one and two forms respectively. Making the variational principle of Eq. (16) we obtain [81, 82] 
where B i j and E i refer to the rotational gauge and energy-momentum, respectively. We can also define the following quantities
that refer to spin and translation, respectively. The conserved quantity is represented in the form [81] 
where ξ is a vector expressed as ξ = ξ i ∂ i with ξ i being N parameters and * is the Hodge duality. When the torsion one-form is vanishing, i.e., T i = 0, the total charge of Eq. (19) reads
This is the invariant quantity conserved [83] - [87] . We apply Eq. (20) to the solutions (13) and (15) . We calculate the necessary components for the case N = 4 and have the co-frame as
With Eq. (21) for Eq. (19), we obtain
The total derivative of Eq. (22) gives
Using Eq. (21), we get
3 Since the Ricci scalar of the solutions (13) and (15) , respectively, we use the Komar formula to investigate the quantities conserved in terms of the solutions obtained in the preceding section. 4 The basic notations are given in Appendix A.
By combining Eq. (23) with Eq. (24) and Eq. (20) and operating the Hodge-dual to dk, we acquire the following forms for the total conserved charge
where M = −c 1 . Throughout the same calculations for the case N > 4 as previously, with Eq. (15), we find
where i = 1 · · · · · · ℓ. By substituting Eq. (26) into Eq. (20), we acquire
The total derivative of Eq. (27) yields
We calculate the inverse of Eq. (26), as we have done in the 4-dimensional case. By combining the result and Eq. (28) and using the Hodge-dual, we find that the conservation of N-dimensional spacetime of Eq. (15) is represented as
where h(r) in case of 4-dim is given by Eq. (9) and h ′ (r) = dh(r) dr and in case N > 4 h(r) is given by (10) . Equations (25) and (29) show that the conserved quantities of the spacetimes (13) and (15) are divergent. Thus, the regularization is necessary for Eq. (20) .
V. REGULARIZATION WITH THE RELOCALIZATION FOR THE CONSERVED CHARGE
It is seen that for the general coordinate and local Lorentz transformations, Eq. (16) is invariant. In [81] , however, it has been indicated that we have one more vagueness in terms of the definition for the conserved quantities rather than the diffeomorphism and the local Lorentz freedom. This fact comes from the point that the relocalization in terms of the momenta of the gravitational field can always be allowed by the field equations. A relocalization is generated from the change of the Lagrangian for the gravitational field in terms of the total derivative, described as
The second term in the right-hand-side of Eq. (30) is responsible for the change of the boundary part for the action only, and hence the field equations are left unaltered [81] . With the relocalization method, the conserved charge reads [81]
Here, W µν is the Weyl 2-form, given by
kl is the Weyl tensor, and Ξ αβ is represented as
It is known that for not only the coordinate transformation but also the local Lorentz one, the conserved currents J[ξ] do not change. A vector field ξ on the manifold of the spacetime associates with the currents J [ξ] . To analyze the conserved quantities in terms of the spacetimes (13) and (15), Eq. (31) is used. In the case of N = 4-dimension, with the metric spacetime (13), we examine the components of Eq. (31). The non-zero components in terms of Ξ αβ read
Using Eqs. (31) and (34), we get
The substitution of Eq. (35) into Eq. (31) leads to
which is consistent with the result found in [73, 90] . Throughout the same procedure for the metric spacetime (15), we acquire the following non-zero components in terms of Ξ
where h(r) is given by Eq. (10). By using Eqs. (31), we have
By combining Eqs. (38) and (31), we obtain
where i = 0, 1 · · · ℓ − 1. Equation (39) is compatible with what derived in [90] .
VI. THERMODYNAMICS FOR BLACK HOLES
In this section, we investigate the thermodynamic quantities like temperature and entropy of the solutions (13) and (15) derived in Sec. III. We calculate the temperature of Hawking, which we can derive by analyzing the singularity of the horizon and put it equal zero in the process of the Euclidean continuation in terms of the solutions of the black strings. For this purpose, we take t → iτ and describe the Euclidean section of the metric (13) so that the period of the Euclidean time, namely, the temperature of the outer event horizon at r = r h , can be written as
where r h is the root of h(r), given by Eq. (9), with the largest value among the several roots of h(r). In the process of the Euclidean continuation, we put a 1 → √ −1a 1 . By identifying τ ∼ τ + T −1 , we have
. Here, the angular velocity at the horizon is described as
For the case of D > 4, through the same calculation, we obtain
and the angular velocity takes the form
Based on the investigations in [92] , we consider the entropy of black holes in the framework of f (R) gravity 7 . From the Noether method used to calculate the black hole entropy in f (R) gravity with the constant Ricci scalar, we obtain [76] 
with A the event horizon area. With the solution (13), for D = 4, we have
and for D > 4, we get
where Ω N−2 means the volume of the (N − 2)-dimensional unit sphere. We examine whether the first law of thermodynamics for black strings is satisfied by using the thermodynamic quantities of the system as well as the conserved ones. With the representation of mass in Eq. (39), angular momentum in Eq. (45), entropy in (46), and charge, given by the fact that h(r h ) = 0, a Smarr-type formula is acquired as
where ζ = Ξ 2 is the real positive roots of Eqs. (9) and (10), which can be rewritten as follows
The entropy S and the angular momentum J can be considered as a complete set of the extensive quantities for the mass M(S , J). Thus, the conjugate intensive quantities to those should be defined. They are temperature and angular velocities, represented as
It can be demonstrated that the following first law of thermodynamics is met by the conserved quantities and the thermodynamic ones
We emphasize that both temperature and other conserved quantities do not depend on the coordinates choice generally. The thermodynamic and conserved quantities in the static case, in which the rotation parameters vanish, are different from those in the rotating spacetimes. As a consequence, it is found that the static metric is different from the rotating one and thus they represent distinct two spacetimes. Figures 2 and 3 show that our system is thermally stable for N = 4 and N > 4.
FIG. 2. The function
versus r h for N = 4.
VII. SUMMARY AND DISCUSSION
In this study, we have derived N-dimension black string static flat or cylindrical horizons solutions in f (R) gravitation theory. We have applied a spacetime, that possesses the k-dimension Euclidean metric, ℓ-dimension angular coordinates and one unknown function of the radial coordinate to the gravitational field equations in f (R) gravity with the quadratic form f (R) = R+bR 2 . The resulting differential equations are solved exactly without any assumption and general solutions for N = 4 and N > 4 have been derived. These solutions are classified as follows: i) The solution of N = 4 is completely identical with GR and behaves asymptotically as AdS/dS spacetime.
ii) The solutions with N > 4 is affected by the higher curvature order, i.e., the solutions contain the dimensional parameter b. In general the solutions of the case N > 4 cannot reduce to the GR solutions due to the fact that the parameter b is not allowed to goes to zero.
To construct rotating black string solutions we have applied a coordinate transformation that relates the temporal coordinate and the rotating one in the case N = 4 and between the temporal and angular-coordinates in case N > 4 and have derived the solutions of the rotating black strings that satisfy the gravitational field equations for f (R) = R + bR 2 . The topology of the output solution in case N = 4 is a cylindrical spacetime with R×S 1 and 0 ≤ φ 1 < 2π and −∞ < z 1 < ∞ and in case N > 4 is 0 ≤ φ ℓ < 2π and −∞ < z k < ∞ in case N > 4.
We have studied the physics of the rotating black string solutions by calculating their conserved quantities through the use of Komar [83] . This method gives divergent quantities of energy and angular momentum in the two cases of N = 4 and N > 4. We have therefore used the regularization method to obtain the energy momentum and the angular one with their finite values. The regularization method used in this study is the relocalization, which is created from the change of the Lagrangian for the gravitational field in terms of the total derivative. From the method, the representations for the energy momentum and the angular one have been acquired. It has also been confirmed that these results are consistent with the consequences derived in [73, 90] .
Finally, we have explored the entropy for the solutions of the rotating black strings. We have also acquired the Smarr-type formula of the mass, which is a function in terms of entropy and angular momentum, i.e., described by M(S , J). It has been verified that the first law of thermodynamics for the black strings can be satisfied by the derived conserved quantities and the thermodynamic ones [73] . Furthermore, we have analyzed the phases for the cases N = 4 and N > 4. It has been shown that for these both cases, the system can be stable in a thermodynamic sense as demonstrated in Figs. 2 and 3 . and e i µ the covariant of the vielbein and the contravariant of it, respectively. The volume is expressed by η := ϑˆ0 ∧ ϑˆ1 ∧ ϑˆ2 ∧ ϑˆ3. In addition, we describe
where ǫ i jkl is completely antisymmetric.
